Jozsef Wildt Interantional Mathematical Competition 639

—_

4

Z;(k+1)(k+2)(k+3)2

d (2(k+1)(k+2)2)E
1

- ((k +2)1)°

n

2 2 2 2

Z};((kﬂ)(mz)_ (k+2)(k:+3)) T(1+1D)(1+2) (n+2)(n+3)

1 2 _ n(n+5)

3 n+2)(n+3) 3(n+3)(n+2)

Arkady Alt
W35. (Solution by the proposer.) We have the followings:
1§m3+m2—1 <m?+m?+m?=3m3 <m®
for all m > 2, and
1<m?—m+1<m?+m?+m?=3m?><m’

Therefore m® +m? — 1 appear in product (1-2-...-m)° and m? —m + 1
appear in product (1-2-...- m)4 therefore

m5+m—1:(m3+m2—1) (m2—m+1)

appear in product (1-2-...- m)g. Therefore for n = m® we have infinitely
many solutions.

W36. (Solution by the proposer.) First we will prove inequality

A(a,b,e) A (a3, b3, 03) < 2BF = A? (a2, b2,(:2) (1)

Due to homogeneity of inequality assume that semiperimeter s equal 1.
Then , denoting z :=1—a,y:=1—-cand p=axy +yz + 2z, ¢ :== zyz we
obtamxr+y+z2=1,2,9y,2>0,a=1—-2,b=1—y, ¢c=1~- 2z and

Za3b3 = Z (z+y2)° = Z (T3 + 32?yz + 3wy?2? + .’L‘3y3) =
cye cyc cye

1+3q—3p+3q+3pq+p3+3q2—3pq
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Za?’:Z(l_g;)323—3+3(1~2p)—(1+3q—3p)=2‘3(1‘3p
cye

cyc

Then

F=\/q,\(a,b,c) =4p, A ((L2,62,c2) =

= 16F7, A (0%, 6%, ¢*) = 369 — 18pg — 9p? + 4p® + 34

and

h(p,q) = A* (aQ, b2, 02) — Afa,b,c) A (ag, b3, (33) =
= 256¢° — 4p (369 — 18pg — 9p> + 4p? + 3¢%) =

= —16p" + 36p” + (256 — 12p) ¢ — 72p (2-p)q

Recall that system of equations

rtytz=1
TY+yz+zex=p
TYz = q

have solutions is nonnegative x,y, z iff p,q > 0 and

27¢* —2(9p — 2) g+ 4p® — p* < 0 (2)

Since (2) yields 1 — 3p > 0 then denoting ¢ := /T — 3p we obtain p= %ﬁ
and for (2) effective equivalent form

max {0, ¢} < ¢q < ¢* 3)

2 2
where g, 1= (L 0=20) ;:Qwandogtglﬁl—:apzo. Also
1*7’52 since

2 o _
note, that (256 — 12p) ¢ — 72p (2 — p)q is decreasing in ¢ < § =3

256 —12p > 0 and

72p(2 - p)

p .
S(orf — 19y o & 36-9(2 - p)—256+12p = 392 -312p = 8 (49 —
2(256 —12p) ~ 9 6-9(2—p)-256+12p = 392 -312p = 8 (49 — 39p) > 0

Hence
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1 —¢2 1—¢2
; y :h/ >h R * e
v (p, q) ( 3 ,q>_ ( ) ,q>
1—2\* 1—2\? 1—¢2
_16( ; ) +36< 5 ) +(256—12'< 5 ))

_((1—t>22;1+2t>>272 (1—3#) (2 (1;#)) QDL

128
729

Using (1) and Hadwiger - Finsler inequality in p — ¢ notation

2E+2)1-1)°>0

Af(a,b,c) > 4V3F « A% (a,b,c) > 3 A (a.2,b2,c2) o p? > 3g

we obtain
A? (aQ,bQ,CQ) > A% (a,b,c)- A? (a3,b3,c3) >3A (a2,b2,c2) -A? (aB,bB,CB) =

= A3 (aQ, b2,02) >3 N2 (a3,b3,63) & (16q)3 >3 A2 (a3,b3,c3) &
6ALS
V3

A (a3, B, %)
>N

s (49 >V3A (a3,b3,c3) & > A (a3,b3,c3) & (4\/§F)3 >

3

A (a?, b3, c3)
3

A (a3, b3, 3)

& 4V3F > 3¢ ;

= A(a,b,c) > 4V3F > 3¢
Remark. Inequality

3
A (a®, b, %) < 6—%—

is another form of the following Power /N\-Mean Inequality
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\/A (a2, b2, c2) < ,\3/A (a3,b3,c?)
3 - 3

Jor a,b,c sidelenghs of a triangle, or equivalently for positive a,b,c such that
A (a6, ¢%) >0
Indeed, if

A(a2,b2,02) >0 a+b>cb+c>a,c+a>b,
then
A (a®,b?,c?) = 16F?

where F is area of triangle (possible degenerated) defined by a,b,c as
sidelenghs. Then

\/A (a2,3b2,c2) N </A(ai%,gzﬁ,ci’») @\/16;“2 N Q/A(a3éb3,03) -

3 p3 3 .
@%2 y A(CL—;Q@G4F‘3Z\/§A(a3,b3,c3)

Second solution. Using Ravi and setting, we get a = y+z,b=z+ux,

c=z+y, p=r+y+=z q9g=1cy+yz+ 2z, r=xyz

Alabye) =2y +yz+2z)—a®— 2" =2 (y+2)(z+2)- Y (¢ +y)?
Afa,byc) =4 (zy+yz + 22) = 4q (1)

16F? = A (a®,0%,¢%) = 2> ah? - > at

A 0% ef) =23 [y+2)+a) = (e+y)t=16pr (2
A (a3,b3,<23) = 22:(13113 - Zaﬁ = 22[(?J+ 2) (z 4+ x)]* — Z(w+y)6

FAN (a3, b3, c3) = 6¢°+6¢> Zm2+6q2x4+2 Z ) ZxS—ﬁzxy (134 + y4) -
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-15 Zx2y2 (;1:2 + y2) - 20 Za‘gys (:172 + y2)

Using the identities
Doy (ot +y*) = =32 + Tpgr — pPr + plq - dp2a® + 247
Zx3y3 (a2 +12) = —3r% — 2% + dpgr + p’q® — 2°
Z a®b® = @ - 3pqr + 3r*
So,

A (ag, b3, 03) = 14¢> — 14p*¢® — 18pgr + 3r2 + 36p°r

Let function

. 64pr/pT
£(q) = 14¢° — 14p%¢% — 18pqr + 312 1 36p°r — L VP"

V3
We have
[ (@) = 42¢* — 28p%q — 18pr

f7"(q) = 84g — 28p> =28 (3¢ — p?) <0
because p? > 3q. So f (¢) < 0.

643

Nicugor Zlota,

W37. (Solution by the proposer.) a). First recall some properties of P.
By condition x — P (z) L F for any x € F, there is (x — P (z)) -y = 0 for any

y € F. Then
1. For any z € F' we have P (z) = z because P () € F,

t=P@E)eF=(z-P(x) (z-P(x) =0 P) =z
2.2-P(y)=y-P(z), for any z,y € E. Indedd

@=P@) (y-Py)=(-p@)y-(@-P@) Ply)=zy-P)-y

and
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(z—=P() (y—Py)=2-(y=P(y)—Pz) - (y—Py) =

=zr-y—z-Ply)y=zy-—P)y=z-y—z-Py)ez Py =y-P)
3. z)? = IP(@)|]” + |l — P (2)|)?, for any = € E.

1P @)I* + & = P (@) = [P (@)]” + (¢ = P(2)) - (z = P () =

= loll* 22 - P (2) + 2P (z) - P (2) = [[]* = 2(x = P () = |Ja||”
4. For any = € E, holds ||l — 2P (z)|| = ||z|| . Indeed

lz = 2P (@)|” = (¢ — 2P (2))-(x = 2P (2)) = |}z — P (&)|*~2P (2)-(z — P (2)) +

+IIP @)I* = 1P (@)]* + [|z — P ()| = [|=]*
Using property 4 and Cauchy inequality we get:

Izl Iyl = ll=llly = 2P (W)l = = - (y — 2P (y))

and

el lyll = llz = 2P (x) Iyl = (z — 2P (z)) -y
Adding this inequalities we obtain
2|jzlHlyll z = - (y = 2P (y)) + (x — 2P (2)) -y &

lzlllyl >2-y—=z-P(y) —y-P(x) (1)

By substitution y := —y in inequality (1) we obtain inequality

[zl llyll 2 —2z-y+2-Py) +y-P(z) &

Sa-y—z-Py)—y- Px) >zl yl (2)

Thus, for any x,y € E holds inequality
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Mzl gl Sz y—z-Ply) -y Pl2) ) < llzllyll <

slz-y—a Py)—y-P@) <zl (3)
b). By condition of equality in inequality Cauchy equality in (1) equality
occurs iff
y — 2P (y) = k=, x —2P(z)=lx

where k,1 > 0.
From identities ||y — 2P ()]l = llyll, |z — 2P (z)|| = ||zl follows k = ‘{g“ and
| = el

Tyl

Thus we have

y=2P W) =

and

Pe) = yH” n“ o oyl —yllall = 2P @) ] (5)

Adding and substracting (4) and (5) we obtain:

0= P @)yl + P llzl = Pyl +yllzl) & zlyll +v |zl e £ (6)

and

P () llyll — P ) Izl = llyll =y lell & P @ lyl = ylizl) == lyll =y ll=|| =

szlyl—ylzlle F (7)
It is mean there are h € F land f € F that

NNURPYIE
Tl Ten = 2 Yl F T

| Thus ||A|? + £ —landz=a(h+f),y=bh—f), where a,b be

arbitrary positive real numbers, and we have

=h+ f and =h-—f
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oy—z-Ply)—y Pr) =
=ab (A1 = I717) = ab(h+ 1)+ P (h~ )~ ab(h— f)- P (h+ f) =

= ab (IR = LA + 1P+ 1712) = ab (112 + 11712) = ab = 1] ]

According to substitution y := —y which transform inequality (1) to
inequality (2) we obtain equality condition in inequality (2) : z = a (h + f)
y="b(f — h), where a,b be arbitrary positive real numbers and h € F!,

f € Fwith || + || f| = 1.

So, in inequality (3) equality occurs if z = a(h+ f), y = b(h — f), where
a,b be arbitrary real numbers and b € F, f € F with [|a]*> + || f]* = 1.
Comment. Since 2 - P (y) =y - P (z) inequality (3) can be rewritten in
assymetric form

)

-y =2z P(y)l < |lzl{lyll or |z -y —2y- P (z)] < flz]| |yl

W38. (Solution by the proposer.) We have the following:

4% 4+ 9% 4+ 1
_+_3+_2 U8 — 9T~ o

for z € R, so

, 47 497 41
PR N P S i A AL S
T
for all z > 0 and

4" + 2" +1\" 47427 +1\" .
(L) > 3% > 2 50 <¥> —2>0
T xr

for all x > 0. We prove that

(14+2744%) < 2% (1 +2%)
for all z € (0,5-). We take f (z) = (1 + 2% 4 4%)" and g (z) = 2° (14 2%),

when f is strivtly increasing function,



